In this letter, we study the two-spin-1/2 realization for the Birman-Murakami-Wenzl (B-M-W) algebra and the corresponding Yang-BaxterȒ(θ, φ) matrix. Based on the two-spin-1/2 realization for the B-M-W algebra, the three-dimensional topological space, which is spanned by topological basis, is investigated. By means of such topological basis realization, the four-dimensional Yang-BaxterȒ(θ, φ) can be reduced to Wigner D J function with J = 1. The entanglement and Berry phase in the spectral parameter space are also explored. The results show that one can obtain a set of entangled basis via Yang-BaxterȒ(θ, φ) matrix acting on the standard basis, and the entanglement degree is maximum when theȒ i (θ, φ) turns to the braiding operator.
I. INTRODUCTION
The Yang-Baxter equation (YBE), which originated from solving the δ−function interaction model by Yang in Ref. [1] and statistical model by Baxter in Ref. [2] , plays an important role in statistical models, many-body problems and quantum integrable models, etc. [3] [4] [5] [6] [7] . Recently, braiding operator and YBE has been studied intensively due to their potential applications in the field of quantum information, quantum computation, topological quantum computation, etc. In Ref. [8] , Kauffman and Lomonaco have explored the role of unitary of braiding operators in quantum computation theory. It is shown that the braiding matrices are universal quantum gates. Furthermore, based on Yang-Baxterization approach [9, 10] , the quantum entanglement and Berry phase in spectral parameter space has been deeply investigated in Ref. [11] .
To investigate two-dimensional braiding statistical behavior under exchange of quasi-particles (such as Ising anyons), topological basis theory has been proposed in the Ref. [12] . Such theory plays an important role in the field of topological quantum computation (TQC) [13, 14] and motivates a novel way to study braid group realization, as well as YBE [15] [16] [17] . Based on the development of topological quantum computation theory, Ge et al. constructed the spin realization for the topological basis and reduced the four-dimensional solution of YBE to its two-dimensional form, then a linearoptical scheme has been proposed to simulate the Yang-Baxter system [18] . This scheme has recently been experimentally demonstrated successfully by Long et al. [19] , verifying both YBE and the velocity transformation relation predicted by the YBE given in Ref. [18] . Furthermore, the spin realizations for the topological basis are studied extensively. In Ref. [20] , the role of L 1 −norm in quantum mechanics has been studied through Wigner D J functions. The authors showed that the maximum of the L 1 −norm connectes with the maximally entangled states. It was to noting that the theory of topological basis provides an useful method to solve quantum spin chain models [21] [22] [23] [24] [25] .
The braid matrix with two and three distinct eigenvalues * xuekang@nenu.edu.cn related to the Temperley-Lieb (T-L) algebra and B-M-W algebra, respectively [3] . By means of topological basis associated with T-L algebra, one can reduce the solution of YBE associated with T-L algebra to Wigner D 1/2 function [20, 26] . Then a question is raised naturally: Can we apply such approach to the three (or more than three) distinct eigenvalues case? The answer to this question is affirmative. In this paper, we will construct a two-spin-1/2 realization for B-M-W algebra, then the three dimensional topological basis is constructed. Consequently, the B-M-W algebra and its corresponding YangBaxterȒ(θ, φ) matrix are reduced to their three dimensional form, respectively. The Berry phase and quantum entanglement are also studied in details.
II. TWO-SPIN-1/2 REALIZATION OF THE B-M-W ALGEBRA
The B-M-W algebra [27] [28] [29] , denoted by B n (σ, w), contains T-L algebra [30] and braid algebra as its two subalgebras. Let E and B be the T-L matrix and braid matrix, respectively. The notations E i and B i stand for
with the following algebraic relations
where the value of topological loop d = 1 − (σ − σ −1 )/w. Let λ 1 , λ 2 and λ 3 be three distinct eigenvalues of braid matrix. The second equation in Eqs. (1) implies that the topological parameter σ is a eigenvalue of braid matrix. Without loss of generality, let the parameter σ be the first eigenvalue of braid matrix (i.e. σ = λ 1 ). The topological parameter w can be cast summation of the other two eigenvalues of braid matrix (i.e. w = λ 2 + λ 3 ). One can verify that the other algebraic relations of B-M-W algebra in Ref. [27] can be derived from the Eqs. (1) . In addition, the B-M-W algebra is easily understood in terms of knot diagrams in Refs. [27] [28] [29] .
Let {|i j ; i, j =↑, ↓} be the standard basis for the tensor product space V 1/2 ⊗ V 1/2 . Direct calculation shows that the following matrices E and B satisfy B-M-W algebra
−ie
where φ is an arbitrary real parameter. The T-L matrix E can be rewritten as the form of projection operator, 
where the spin-1 operators S 
and
Here the operator X i is anti-Hermitian (i.e., X † i = −X i ). In terms of I, X i and Y i , the B-M-W algebra generators E i and B i can be recast as follows
which is a two-spin-1/2 realization for the B-M-W algebra. Consequently, we will study the physical applications of the Yang-Baxter system associated with such special B-M-W algebra realization.
III. THEȒ(θ, φ) MATRIX, ENTANGLEMENT AND BERRY PHASE
The solutions of YBE can be obtained via the so-called Yang-Baxterization approach of B-M-W algebra [10] . In this section, we will introduce an alternative approach to YangBaxterize the B-M-W algebra. For the anti-Hermitian operator X i , one can introduce a θ−dependent unitary solution of YBEȒ
Here we used Taylor series to expand the exponential form. One can verify that the matrixȒ i (θ, φ) is unitary (i.e., 
(6) Direct calculation shows that the Yang-BaxterȒ i (θ, φ)-matrix satisfies the following YBȆ
1 + tan
By setting v i = tan(θ i /2), this is just the additivity rule of Lorentz velocity:
. Such velocity additivity rule are showed in Ref. [16] . We can verify the following expressions
ActingȒ i (θ, φ) on the direct product state |kl ≡ |k ⊗ |l with k, l =↑, ↓, one can obtain an entangled basis
For a given pure state |ψ = a| ↑↑ + b| ↑↓ + c| ↓↑ + d| ↓↓ , the concurrence [31] is C(|ψ ) = 2|ad − bc|. Then we can obtain concurrence for the entangled basis. The four states in Eq. 9 possess the same degree of entanglement with C(|ψ kl ) = sin 2 θ. When θ = π/2, theȒ i (θ, φ) turns to the braiding operator and the entanglement degree for the four states is maximum. Let φ be the time-dependent parameter with φ(t) = ωt.
The so-called Yang-Baxter Hamiltonian can be induced from the time-dependent gauge transformation
By introducing a new parameter ϑ = (π − θ)/2, the YangBaxter Hamiltonian can be rewritten as the following nuclear magnetic resonance (NMR) form
where n = (sin ϑ cos φ, sin ϑ sin φ, cos ϑ) is Bloch vector. The instantaneous eigenvalues for H(ϑ, φ) are as follows
The corresponding instantaneous eigen-states take as follows 
Here we used the following singlet-triplet basis
According to Berry [32] , for a given instantaneous eigen-state |ψ , the so-called Berry phase reads γ = i 2π 0 ψ|∂ φ |ψ dφ. Substituting Eqs. (13) into this formula, we obtain the corresponding Berry phase for this system
Here Ω = 2π(1 − cos ϑ) represents the solid angle of spectral parameter space. The Berry phase γ 1,m s and γ 0,0 correspond to the spin-1 and spin-0 subspace, respectively. That is to say the Yang-Baxter system can be decomposed into two subspaces
IV. THREE-DIMENSIONAL TOPOLOGICAL SPACE REALIZATION
For the B-M-W algebra, the graphic operator forms of E i , B i and B −1 i read [16] 
The topological basis for the B-M-W algebra is constructed by the following three graphic states , , .
For the braid matrix with two distinct eigenvalues, the third graphic states can be recast as the liner superposition of the first two graphic states. For this special realization, the graphic states can be realized by the four spin-1/2 states as following
where
The topological space for the B-M-W algebra is spanned by the following three orthogonal graphic states
The algebraic relations in Eqs. (1) imply that the following topological relations
Acting E i and B i in Eq. (15) on topological basis, we obtain the corresponding 3×3 representation. We denote the reduced form of B 1 , B 2 , E 1 and E 2 by A , B, E A and E B , respectively. The matrix elements of the reduced representations are defined as A i j = e i |B 1 |e j , B i j = e i |B 2 |e j , (E A ) i j = e i |E 1 |e j , and (E B ) i j = e i |E 2 |e j . By using the topological basis in Eqs. (16) and relations of topological equivalence in Eqs. (17), we obtain the following reduced matrix representation of B-M-W algebra 
Then we can verify that A , B ′ , E A and E ′ B satisfy the reduce three-dimensional B-M-W algebra relations. In topological space, spin operators can be written as
,
The matrices X T and Y T read
Here the notation I T stands for Identity matrix for the topological space. In terms of X T and Y T , The matrices B ′ and E ′ B can be recast as follows
In topological subspace, Yang-BaxterȒ(θ, φ) matrix can be reduced to the following 3 × 3 form
Their matrix forms read
The matrices A (θ) and B(θ, φ) satisfy the following reduced YBE
where the parameters θ 1 , θ 2 and θ 3 satisfy the relation given in Eq. (8) . The matrix B(θ, φ) is Wigner D J function with J = 1 and the matrix A (θ) is its diagonal form. When the parameter θ = π/2, the B(θ, φ) matrix is reduced to B ′ matrix. And the Hamiltonian in Eq. (10) is reduced to its three-dimensional form
. By introducing a new parameter ϑ = (π − θ)/2, the reduced Yang-Baxter Hamiltonian can be rewritten as the following nuclear magnetic resonance (NMR) formĤ T (ϑ, φ) = 2 ω cos ϑ n · S T . This shows that the Hamiltonian reduced to its three-dimensional form by means of the topological basis associated with the B-M-W algebra.
V. SUMMARY AND DISCUSSION
In this paper, we studied two-spin-1/2 realization for the B-M-W algebra and the corresponding Yang-BaxterȒ(θ, φ) matrix. The topological basis associated with the two-spin-1/2 realization for the B-M-W algebra has been also investigated. By means of such topological basis realization, the fourdimensional Yang-BaxterȒ(θ, φ) has be reduced to Wigner D J function with J = 1. The entanglement and Berry phase in the spectral parameter space have been also studied in this paper. We has been obtained a set of entangled basis via YangBaxterȒ(θ, φ) matrix acting on the standard basis, and the entanglement degree is maximum when theȒ i (θ, φ) turns to the braiding operator.
Let us make some discussions to end this paper. (i) In fact, we can construct spin chain model of B-M-W type with the B-M-W algebraic generators, and the approach of topological basis will play an important role in the ground state solving.
(ii) In Ref. [18] , the authors simulated Yang-Baxter system by means of linear quantum optics. In the current paper, threedimensional topological basis is introduced to reduce the B-M-W algebra and associated YBE. We think such YBE system can be simulated with NMR system [33] . (iii) In Ref. [20] , the authors showed that the Wigner D J function satisfies the socalled reduced YBE, and they studied the braiding matrix and the corresponding solution of YBE for the case of J = 1/2. In the current paper, we studied the case of J = 1, and there are m (m = 2J + 1) distinct eigenvalues for the braiding matrix. We conjecture that m−dimensional (m ≥ 4) topological space can be constructed by means of matrix representation of B-M-W algebra with m distinct eigenvalues. Such matrix representations, as well as the reduced matrix representations, have potential applications in the fields of quantum computation and topological quantum computation. This work will encourage us to study the relations between quantum computation and topological quantum computation for more higher dimension.
